Let n be a natural number greater than one. We prove that the following three conditions are equivalent: (1) there exists an n-generated lattice that has neither an atom, nor a coatom; (2) there exists an atomless selfdual n-generated lattice; (3) n is at least four. We also prove that there exists an atomless n-generated lattice if and only if n is at least three. In an easy statement, we give some sufficient conditions under which a three-generated lattice L has at most three atoms, while some conditions in this statement imply that L has at least one atom. However, it remains an open problem whether there exists a three-generated lattice having more than three atoms.
Result and introduction
Our goal is to prove the following theorem. Theorem 1.1. Let n be a natural number such that n ≥ 2. Then the following three conditions are equivalent.
(i) There exists an n-generated lattice that has neither an atom, nor a coatom.
(ii) There exists an n-generated selfdual lattice that has no atom.
(iii) n ≥ 4.
The following two conditions are also equivalent.
(iv) There exists an n-generated lattice that has no atom.
(v) n ≥ 3.
We also prove the following statement; its first part is a consequence of Theorem 1.1. Observation 1.2. Let L be a lattice generated by a three-element subset {a 0 , a 1 , a 2 }.
(i) If this three-generated lattice has no coatom, then it has at least one atom.
(ii) With the notation k := |{(i, j) ∈ {(0, 1), (0, 2), (1, 2)} : a i ∧ a j = a 0 ∧ a 1 ∧ a 2 }|, if k ∈ {2, 3}, then L has exactly k atoms. (iii) If L is modular, then L has at most three atoms and it has at least one.
Outline. The rest of this section gives some basic definitions, recalls some facts from the literature, and formulates an open problem. Section 2 is devoted to the proofs of the statements mentioned above.
Basic concepts and related results. A sublattice S of a lattice L is said to be proper if S = L. For a positive integer n, we say that a lattice L is n-generated if there is an n-element subset {a 1 , . . . , a n } of L such that {a 1 , . . . , a n } ⊆ S holds for no proper sublattice S of L. For example, the four-element boolean lattice is n-generated for every n ∈ {2, 3, 4}. Note that according to our terminology, an n-generated lattice has at least n elements. For a lattice L, an element a ∈ L is an atom (of L) if |↓a| = 2 holds for the principal ideal ↓a = {x ∈ L : x ≤ a}. Similarly, ↑a denotes the principal filter {x ∈ L : a ≤ x}, and a is a coatom if |↑a| = 2. Let At(L) and CoAt(L) stand for the set of atoms and that of coatoms of L, respectively. Problem 1.3. Is it true that |At(L)| ∈ {0, 1, 2, 3} for every three-generated lattice L? More generally, does the pair (|At(L)|, |CoAt(L)|) of an arbitrary threegenerated non-modular lattice (possibly, in a given class of lattices) have some nontrivial property apart from Observation 1.2(i)?
Note that the class L 3-gen of three-generated lattices is quite large and involved. For example, this class contains 2 ℵ0 many non-isomorphic members and every lattice L of size |L| at most ℵ 0 is a sublattice of a lattice in L 3-gen ; see Crawley and Dean [4, Theorem 7] . As a related result, it was proved in Czédli [8, Corollary 1.3] that every finite lattice can be embedded in a finite member of L 3-gen . For each three-generated lattice L that the author has ever seen in the literature, including Czédli [8] , Davey and Rival [9] , Freese, Ježek, and Nation [10] , Grätzer [11] , and Poguntke [15] , we have that |At(L)| ∈ {1, 2, 3}. Now, from Theorem 1.1, we learn that |At(L)| = 0 is also possible. As opposed to the three-generated case, the literature gives some information on the numbers of atoms of four generated lattices. Namely, since the subspace lattice of a projective plane over a prime field is four-generated by Herrmann and Huhn [13] , a four-generated modular lattice can have p 3 − 1 atoms for each prime number p, and it can also have ℵ 0 many atoms.
Finally, we mention a related recent result, which appeared on ResearchGate only one day before the first version of the present paper was submitted: Grätzer [12] proves that a finite planar lattice generated by only four atoms can be quite large.
Proofs and auxiliary statements
For free lattices, the following lemma has often been used; see, for example, Freese, Ježek, and Nation [10] or Grätzer [11] . Here, we formulate it only for threeelement generating sets. Thereafter, having no reference for not necessarily free lattices, we present its proof. Lemma 2.1. Let L be a lattice generated by a three-element subset {a 1 , a 2 , a 3 }. If i, j, and k are subscripts such that {i, j, k} = {1, 2, 3}, then the following two assertions and their duals hold.
(i) If a i ∧ a j ≤ a k or, equivalently, a i ∧ a j = 0, then L is the disjoint union of ↑(a i ∧ a j ) and ↓a k . (ii) If a i ∧ a j is distinct from 0, then it is an atom of L.
Proof. Since 0 = a i ∧ a j ∧ a k , the condition a i ∧ a j ≤ a k is clearly equivalent to a i ∧ a j = 0. Assuming this condition, the filter ↑(a i ∧ a j ) and the ideal ↓a k are obviously disjoint. It is also clear that their union is a sublattice. Since this sublattice contains a i , a j and a k , it equals L, proving (i). Next, for the sake of contradiction, we suppose that a i ∧ a j = 0 but there is an element d ∈ L such that
Now, we are in the position to prove Observation 1.2.
Proof of Observation 1.2. Assume that L has no coatom. Then, by (the dual of) Lemma 2.1(ii), a 1 ∨ a 2 = a 1 ∨ a 3 = a 2 ∨ a 3 = 1. There are two cases to consider. First, if a 1 ∧ a 2 = a 1 ∧ a 3 = a 2 ∧ a 3 = 0, (2.1) then L is isomorphic to the five-element non-distributive modular lattice M 3 , and so L has three atoms. Second, if (2.1) fails, then L has an atom by Lemma 2.1(ii). This proves part (i) of Observation 1.2.
Next, we deal with part (ii); note in advance that a 0 , a 1 , and a 2 are pairwise distinct. Assume that k defined in part (ii) is at least 2. Then a 1 ∧ a 2 , a 1 ∧ a 3 , and a 2 ∧ a 3 are pairwise distinct since otherwise if, say, we had that a 1 ∧ a 2 = a 1 ∧ a 3 , then a 1 ∧ a 2 = a 1 ∧ a 3 = (a 1 ∧ a 2 ) ∧ (a 1 ∧ a 3 ) = a 1 ∧ a 2 ∧ a 3 = 0 would contradict k ≥ 2. Hence, we have at least k atoms by Lemma 2.1(ii), so it suffices to show that every atom is the form of a i ∧ a j with i = j. Without loss of generality, we can assume that k ≥ 2 is witnessed by a 1 ∧ a 2 = 0 = a 1 ∧ a 3 . Let b ∈ L be an atom such that b = a 1 ∧ a 2 and b = a 1 ∧ a 3 . Then b / ∈ ↑(a 1 ∧ a 2 ) and b / ∈ ↑(a 1 ∧ a 3 ), because otherwise a 1 ∧ a 2 < b or a 1 ∧ a 3 < b would contradict the assumption that b is an atom. Hence, Lemma 2.1(i) implies that b ∈ ↓a 3 and b ∈ ↓a 2 . Consequently, b ≤ a 2 ∧ a 3 . This is a contradiction if k = 2, because then a 2 ∧ a 3 = 0. Hence there are exactly k atoms if k = 2. If k = 3, then a 2 ∧ a 3 is an atom by Lemma 2.1(ii), so b ≤ a 2 ∧ a 3 implies that the only atom distinct from a 1 ∧ a 2 and a 1 ∧ a 3 is the third atom, a 2 ∧ a 3 = b. Thus, we have exactly three atoms if k = 3. This completes the argument for part (ii).
Next, assume that L is modular. For a pair (u, v) of elements or for a set E of such pairs, the congruence generated by this pair or E will be denoted by con(u, v) or con(E), respectively. We an assume that k ≤ 1, because part (ii) takes care of the opposite case. Thus, without loss of generality, we can assume that a 1 ∧ a 2 = 0 = a 2 ∧ a 3 . The modular lattice freely generated by {x, y, z} will be denoted by FM(3); see, for example, Birkhoff [2, page 64], Crawley and Dilworth [5, Figure 17 -1], or Grätzer [11, page 84] . Note that FM(3) is easy to find on the Internet; see for example, McKeown [14] for an animated version. We can extend x → a 1 , y → a 2 , z → a 3 to a surjective homomorphism FM(3) → L. Let Θ := con({(0, x ∧ y), (0, y ∧ z)}); it is a congruence on FM(3). By the Homomorphism Theorem and the Correspondence Theorem, see Theorems 6.12 and 6.20 in Burris and Sankappanavar [3] , L is a factor lattice T /Ψ of the lattice T := FM(3)/Θ, which is depicted in Figure 1 . If none of (0, s 1 ) and (0, s 2 ) belongs to the congruence Ψ, then L = T /Ψ has exactly two atoms, s 1 /Ψ and s 2 /Ψ. If (0, s 2 ) ∈ Ψ, then (by the Correspondence Theorem again) L is a factor lattice of the lattice T := T /con(0, s 2 ); see in the middle of Figure 1 . Since T has no fourelement antichain, neither has L, whereby L has at most three atoms. We are left with the case where (0, s 1 ) ∈ Ψ but (0, s 2 ) / ∈ Ψ. Then Ψ collapses the M 3 sublattice and L is a factor lattice of T := T /con(0, s 1 ); see Figure 1 . Again, since T has no four-element antichain, neither has L. Hence, L has at most three atoms. Finally, L has at least one atom since it is a finite lattice; in fact, |L| ≤ |FM(3)| = 28. This proves part (iii) and Observation 1.2.
The following lemma recalls a lattice construction from Czédli [6] ; see also Czédli [7] for a more general setting. Lemma 2.2. For i ∈ {1, 2}, let L i = (L i ; ≤ i ) be a complete lattice with bounds 0 i and 1 i . Assume that L 1 and L 2 are disjoint. For i ∈ {1, 2}, let S i be a nonempty subset of L i such that 1 1 ∈ S 1 , 0 2 ∈ S 2 , S 1 is closed with arbitrary meets, and S 2 is closed with arbitrary joins. With the ordering inherited from L i , S i is a poset for i ∈ {1, 2}. (In fact, S i is a complete lattice but it need not be a sublattice of L i ). If there exists an order isomorphism µ : S 1 → S 2 and we define, for x, y ∈ L 1 ∪ L 2 ,
then (L 1 ∪ L 2 ; ≤) is a complete lattice.
We will use the following technical lemma later. Lemma 2.3. Let M be a lattice generated by a finite set {a 1 , . . . , a n }, and let U = (u ij ) n×m be an n-by-m matrix of elements of {a 1 , . . . , a n } such that in each column, every element of {a 1 , . . . , a n } occurs. That is, for every j ∈ {1, . . . , m}, {a 1 , . . . , a n } = {u 1j , . . . , u nj }. For i ∈ {1, . . . , n}, let u (i) = (u i1 , . . . , u im ) be the i-th row of U . In the direct power M m , let L be the sublattice generated by { u (1) , . . . , u (n) }, and let x = (x 1 , . . . , x m ) be an atom of L. Then for every i ∈ {1, . . . , m}, if x i = 0, then x i is an atom of M .
Proof. For the sake of contradiction, suppose that x is an atom of L but x i > 0 is not an atom of M for some i. To ease the notation, we let i = 1. Pick an element d ∈ M such that 0 < d < x 1 , and let (u 11 , . . . , u n1 ) = (a k1 , . . . , a kn ) be the first column of U . Since M is generated by {a 1 , . . . , a n } = {a k1 , . . . , a kn }, there exists an n-ary lattice term t such that d = t(a k1 , . . . , a kn ). Using that L is closed with respect to t, we obtain that y := (x 1 , . . . , x m ) ∧ L t(u 11 , . . . , u n1 ), . . . , t(u 1m , . . . , u nm ) = x ∧ L t( u (1) , . . . , u (n) ) ∈ L.
Clearly, y ≤ x. Since the first component of y is t(a k1 , . . . , a kn ) = x 1 ∧ d = d and 0 < d < x 1 , we obtain that 0 < y < x. This contradicts the assumption that x ∈ L is an atom and completes the proof of Lemma 2.3. Figure 10 ], Poguntke and Sands [16] , Rival, Ruckelshausen, and Sands [17] , Rolf [18] , and Wille [19] . In particular, we know from these papers that H is a lattice. For an infinite subset X of H, either X ⊆ ↑b and X = b, or X ⊆ ↑b and X = 0. Thus, H is a complete meet-semilattice with 1, whereby it is a complete lattice. For a poset P , let P dual denote the dual of P . With L 1 := H, L 2 := H dual , S 1 = {p 1 , q 0 }, S 2 = {r 0 , s 1 }, and the unique order isomorphism ψ : S 1 → S 2 , Lemma 2.2 implies that K is a lattice. There are two easy ways to see that K is generated by {a, b, c, d}. First, this fact follows from the equalities
Second, we can use the underlined equalities above together with the known fact that H is generated by its three black-filled elements. Let δ denote the reflection across the geometrical point ⊗ in Figure 2 ; for example, δ(a) = d, δ(b) = c and, say, δ(q 2 ) = r 2 . Note that the point ⊗ is not an element of the lattice K. Clearly, δ = δ −1 is a dual automorphism, and so K is a selfdual lattice. Another way to see this is that modulo the swaps a-d and b-c, the equalities listed above form a selfdual set.
Next, with
let u (i) be the i-th row of U for i ∈ {1, . . . , 4}. In the direct square K 2 of K, let L be the sublattice generated by { u (1) , . . . , u (4) }. We claim that this lattice, L, is a four-generated selfdual lattice that has no atom.
(2.2)
Since δ : K → K is a dual automorphism, so is δ : K 2 → K 2 , defined by the rule (x, y) → (δ(x), δ(y)). Since δ( u (1) ) = u (4) , δ( u (2) ) = u (3) , δ( u (3) ) = u (2) , and δ( u (4) ) = u (1) , the generating set { u (1) , . . . , u (4) } is closed with respect to δ. For a quaternary lattice term t, let t dual denote the dual of t. Since every x ∈ L is of the form x = t( u (1) , . . . , u (4) ), we have that δ( x) = δ t( u (1) , . . . , u (4) ) = t dual δ( u (1) ), δ( u (2) ), δ( u (3) ), δ( u (4) ) = t dual ( u (4) , u (3) , u (2) , u (1) ) ∈ L.
Hence, L is closed with respect to δ and it follows that L is a selfdual lattice. Next, we consider the equivalence relation Θ on K whose blocks are This proves the first half of (2.4). The second half of (2.4) follows by applying its first half to the term f (x, y, z, w) := t(y, x, w, z).
Next, for the sake of contradiction, suppose that L has an atom x = (x 1 , x 2 ). Pick a quaternary term t such that x = t( u (1) , . . . , u (4) ). This means that t(a, b, c, d ) and x 2 = t(b, a, d, c).
(2.5)
Applying Lemma 2.3 with (n, m) = (4, 2), we obtain that x 1 or x 2 is an atom of K. First, assume that x 2 is an atom of K. Then t(b, a, d, c) = x 2 = b since b is the only atom of K. Hence, combining (2.5) and the second half of (2.4), we obtain that x 1 ∈ A. This contradicts Lemma 2.3, because no element of A is an atom of K. The second case, where x 1 is assumed to be an atom of K, leads to the same contradiction in a similar way; the only difference is that now the first half of (2.4) is needed. Thus, (2.2) has been proved. Next, with the herringbone lattice H and with the matrix U redefined as
let L be the sublattice of H 2 generated by { u (1) , u (2) , u (3) } where u (i) is the i-th row of U for i ∈ {1, 2, 3}. We claim that this L is a three-generated lattice that has no atom.
(2.6)
The argument showing (2.6) is almost the same as the one we used to show (2.2). Hence, only the differences will be pointed out. In order to avoid an additional figure, we assume that H is the principal ideal ↓q 0 of K. Instead of Θ, now we use its restriction Θ to H. The Θ -blocks are the five "lower" Θ-blocks, so they are visualized by some of the dotted closed curves in Figure 2 . The quotient lattice H/Θ = {Z, A, B, P, Q} is isomorphic to M 3 , which is the principal ideal ↓Q of K/Θ, see on the top left of Figure 2 . Also, instead of ψ, we use its restriction ψ to H/Θ . That is, ψ is the automorphism of H/Θ that swaps A and B. Finally, we use ternary terms rather than quaternary ones and we forget about d and D in our computations. Thus, (2.6) has been proved.
